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Conrey, Farmer, Keating, Rubinstein, Snaith. Proc. London.
Math. Soc. (3) 91 (2005) 



The Riemann Zeta Function
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Speiser: RH is equivalent to all complex zeros

of ⇣ 0(s) having real part at least 1/2
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Green: zeros of zeta
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Conrey (1989): More than two fifths of the zeros
of the Riemann zeta function are on the critical line
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Levinson (1974): More than one third of the zeros
of the Riemann zeta function are on the critical line
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Bui, Conrey, Young (2011): More than 41% of the
zeros of the Riemann zeta function are on the critical line
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Levinson, Montgomery (1974): ⇣(s) and ⇣ 0(s) have
essentially the same number of zeros in <(s) < 1/2.
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Horizontal distribution of zeros of the derivative of the Riemann zeta function

Littlewood’s lemma (1924): For an analytic function F (s),
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NL: number of zeros of ⇣ 0(s) to the left of the 1/2-line
<latexit sha1_base64="piBrT9FF0ZHYjareEcdau6gcTIY="></latexit><latexit sha1_base64="piBrT9FF0ZHYjareEcdau6gcTIY="></latexit><latexit sha1_base64="piBrT9FF0ZHYjareEcdau6gcTIY="></latexit><latexit sha1_base64="piBrT9FF0ZHYjareEcdau6gcTIY="></latexit>



R T
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Random Unitary Matrices
A is an N ⇥N unitary

matrix:

AA†
= A†A = I

eigenvalues of A: ei✓n

A is chosen randomly

with respect to Haar

measure on U(N)
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Moments of the Riemann Zeta Function

(Hardy and Littlewood, 1918)

(Ingham, 1926)
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Moments of the Riemann Zeta Function: Conjecture

Z

U(N)
|⇤A(1)|2�dAHaar ⇠ f�,U(N)N

�
2

Moments of characteristic polynomials: Theorem

N ⇠ log T

Conjecture (Keating and Snaith, 2000): f� = f�,U(N)



Zeros of a characteristic polynomial (blue) and its derivative (green)

N=20 N=60
Pictures by Phan Toan



Horizontal (radial) distribution of zeros of the derivative of 
zeta (characteristic polynomial)

Mezzadri: J. Phys. A 36 (2003)

Pictures from Dueñez, Farmer, Froelich, Hughes, 
Mezzadri, Phan: Nonlinearity 23 (2010)

Distribution of distance from the 
unit circle of zeros of             , N=100

Distribution of real part of the 
zeros of           for 100000 zeros 
around T=1000000.
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⇣ 0(s)
<latexit sha1_base64="K++6TOcrw8O4Ae8asCsDK4hLY5o=">AAAB83icbVDLTgJBEOz1ifhCPXqZCEa8kF0ueiR68YiJPBKWkNmhFybMPjIza4IbfsOLB43x6s9482+chT0oWEknlarudHd5seBK2/a3tba+sbm1Xdgp7u7tHxyWjo7bKkokwxaLRCS7HlUoeIgtzbXAbiyRBp7Ajje5zfzOI0rFo/BBT2PsB3QUcp8zqo3kVtwn1PSiqi4rxUGpbNfsOcgqcXJShhzNQenLHUYsCTDUTFCleo4d635KpeZM4KzoJgpjyiZ0hD1DQxqg6qfzm2fk3ChD4kfSVKjJXP09kdJAqWngmc6A6rFa9jLxP6+XaP+6n/IwTjSGbLHITwTREckCIEMukWkxNYQyyc2thI2ppEybmLIQnOWXV0m7XnPsmnNfLzdu8jgKcApnUAUHrqABd9CEFjCI4Rle4c1KrBfr3fpYtK5Z+cwJ/IH1+QPcO5A9</latexit><latexit sha1_base64="K++6TOcrw8O4Ae8asCsDK4hLY5o=">AAAB83icbVDLTgJBEOz1ifhCPXqZCEa8kF0ueiR68YiJPBKWkNmhFybMPjIza4IbfsOLB43x6s9482+chT0oWEknlarudHd5seBK2/a3tba+sbm1Xdgp7u7tHxyWjo7bKkokwxaLRCS7HlUoeIgtzbXAbiyRBp7Ajje5zfzOI0rFo/BBT2PsB3QUcp8zqo3kVtwn1PSiqi4rxUGpbNfsOcgqcXJShhzNQenLHUYsCTDUTFCleo4d635KpeZM4KzoJgpjyiZ0hD1DQxqg6qfzm2fk3ChD4kfSVKjJXP09kdJAqWngmc6A6rFa9jLxP6+XaP+6n/IwTjSGbLHITwTREckCIEMukWkxNYQyyc2thI2ppEybmLIQnOWXV0m7XnPsmnNfLzdu8jgKcApnUAUHrqABd9CEFjCI4Rle4c1KrBfr3fpYtK5Z+cwJ/IH1+QPcO5A9</latexit><latexit sha1_base64="K++6TOcrw8O4Ae8asCsDK4hLY5o=">AAAB83icbVDLTgJBEOz1ifhCPXqZCEa8kF0ueiR68YiJPBKWkNmhFybMPjIza4IbfsOLB43x6s9482+chT0oWEknlarudHd5seBK2/a3tba+sbm1Xdgp7u7tHxyWjo7bKkokwxaLRCS7HlUoeIgtzbXAbiyRBp7Ajje5zfzOI0rFo/BBT2PsB3QUcp8zqo3kVtwn1PSiqi4rxUGpbNfsOcgqcXJShhzNQenLHUYsCTDUTFCleo4d635KpeZM4KzoJgpjyiZ0hD1DQxqg6qfzm2fk3ChD4kfSVKjJXP09kdJAqWngmc6A6rFa9jLxP6+XaP+6n/IwTjSGbLHITwTREckCIEMukWkxNYQyyc2thI2ppEybmLIQnOWXV0m7XnPsmnNfLzdu8jgKcApnUAUHrqABd9CEFjCI4Rle4c1KrBfr3fpYtK5Z+cwJ/IH1+QPcO5A9</latexit><latexit sha1_base64="K++6TOcrw8O4Ae8asCsDK4hLY5o=">AAAB83icbVDLTgJBEOz1ifhCPXqZCEa8kF0ueiR68YiJPBKWkNmhFybMPjIza4IbfsOLB43x6s9482+chT0oWEknlarudHd5seBK2/a3tba+sbm1Xdgp7u7tHxyWjo7bKkokwxaLRCS7HlUoeIgtzbXAbiyRBp7Ajje5zfzOI0rFo/BBT2PsB3QUcp8zqo3kVtwn1PSiqi4rxUGpbNfsOcgqcXJShhzNQenLHUYsCTDUTFCleo4d635KpeZM4KzoJgpjyiZ0hD1DQxqg6qfzm2fk3ChD4kfSVKjJXP09kdJAqWngmc6A6rFa9jLxP6+XaP+6n/IwTjSGbLHITwTREckCIEMukWkxNYQyyc2thI2ppEybmLIQnOWXV0m7XnPsmnNfLzdu8jgKcApnUAUHrqABd9CEFjCI4Rle4c1KrBfr3fpYtK5Z+cwJ/IH1+QPcO5A9</latexit>



R T
0 |⇣ 0(a+ it)|vdt

<latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit>
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<latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit>

Motivated by: 

We would like to calculate: 

non-integerv
<latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit>

v = 1 Winn: Commun. Math. Phys. 315 (2012)
<latexit sha1_base64="NZURWFCPMEOkfPmUNeRXVZquiqA=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIMOkIoogFLtxI1SwD2hLyaRpG5pkhiRTGEp/wo2/4saFIm4Fd/6NmbYLrR64cDjnXu69xw8508bzvpzU0vLK6lp6PbOxubW9k93dq+kgUoRWScAD1fCxppxJWjXMcNoIFcXC57TuD8uJXx9RpVkg700c0rbAfcl6jGBjpU72JD+6QnlYZ1JewnIgRCRdeIvNwIWVQaxdeIrOYKHooeJxJtPJ5jzXmwL+JWhOcmCOSif72eoGJBJUGsKx1k3khaY9xsowwukk04o0DTEZ4j5tWiqxoLo9nn41gUdW6cJeoGxJA6fqz4kxFlrHwredwh6sF71E/M9rRqZ30R4zGUaGSjJb1Is4NAFMIoJdpigxPLYEE8XsrZAMsMLE2CCTENDiy39Jregiz0V3xVzpeh5HGhyAQ1AACJyDErgBFVAFBDyAJ/ACXp1H59l5c95nrSlnPrMPfsH5+Aar15oN</latexit><latexit sha1_base64="NZURWFCPMEOkfPmUNeRXVZquiqA=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIMOkIoogFLtxI1SwD2hLyaRpG5pkhiRTGEp/wo2/4saFIm4Fd/6NmbYLrR64cDjnXu69xw8508bzvpzU0vLK6lp6PbOxubW9k93dq+kgUoRWScAD1fCxppxJWjXMcNoIFcXC57TuD8uJXx9RpVkg700c0rbAfcl6jGBjpU72JD+6QnlYZ1JewnIgRCRdeIvNwIWVQaxdeIrOYKHooeJxJtPJ5jzXmwL+JWhOcmCOSif72eoGJBJUGsKx1k3khaY9xsowwukk04o0DTEZ4j5tWiqxoLo9nn41gUdW6cJeoGxJA6fqz4kxFlrHwredwh6sF71E/M9rRqZ30R4zGUaGSjJb1Is4NAFMIoJdpigxPLYEE8XsrZAMsMLE2CCTENDiy39Jregiz0V3xVzpeh5HGhyAQ1AACJyDErgBFVAFBDyAJ/ACXp1H59l5c95nrSlnPrMPfsH5+Aar15oN</latexit><latexit sha1_base64="NZURWFCPMEOkfPmUNeRXVZquiqA=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIMOkIoogFLtxI1SwD2hLyaRpG5pkhiRTGEp/wo2/4saFIm4Fd/6NmbYLrR64cDjnXu69xw8508bzvpzU0vLK6lp6PbOxubW9k93dq+kgUoRWScAD1fCxppxJWjXMcNoIFcXC57TuD8uJXx9RpVkg700c0rbAfcl6jGBjpU72JD+6QnlYZ1JewnIgRCRdeIvNwIWVQaxdeIrOYKHooeJxJtPJ5jzXmwL+JWhOcmCOSif72eoGJBJUGsKx1k3khaY9xsowwukk04o0DTEZ4j5tWiqxoLo9nn41gUdW6cJeoGxJA6fqz4kxFlrHwredwh6sF71E/M9rRqZ30R4zGUaGSjJb1Is4NAFMIoJdpigxPLYEE8XsrZAMsMLE2CCTENDiy39Jregiz0V3xVzpeh5HGhyAQ1AACJyDErgBFVAFBDyAJ/ACXp1H59l5c95nrSlnPrMPfsH5+Aar15oN</latexit><latexit sha1_base64="NZURWFCPMEOkfPmUNeRXVZquiqA=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIMOkIoogFLtxI1SwD2hLyaRpG5pkhiRTGEp/wo2/4saFIm4Fd/6NmbYLrR64cDjnXu69xw8508bzvpzU0vLK6lp6PbOxubW9k93dq+kgUoRWScAD1fCxppxJWjXMcNoIFcXC57TuD8uJXx9RpVkg700c0rbAfcl6jGBjpU72JD+6QnlYZ1JewnIgRCRdeIvNwIWVQaxdeIrOYKHooeJxJtPJ5jzXmwL+JWhOcmCOSif72eoGJBJUGsKx1k3khaY9xsowwukk04o0DTEZ4j5tWiqxoLo9nn41gUdW6cJeoGxJA6fqz4kxFlrHwredwh6sF71E/M9rRqZ30R4zGUaGSjJb1Is4NAFMIoJdpigxPLYEE8XsrZAMsMLE2CCTENDiy39Jregiz0V3xVzpeh5HGhyAQ1AACJyDErgBFVAFBDyAJ/ACXp1H59l5c95nrSlnPrMPfsH5+Aar15oN</latexit>



R T
0 |⇣ 0(a+ it)|vdt

<latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit>

R
U(N) |⇤

0
A
(s)|vdAHaar

<latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit>

Motivated by: 

We would like to calculate: 

non-integerv
<latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit>

We can calculate: 
R
U(N) |⇤

0
A
(ei✓)|2K�2M |⇤A(ei✓)|2MdAHaar

<latexit sha1_base64="NX/LFvp2M6l5Tv6KsKzlNpDdUIk="></latexit><latexit sha1_base64="NX/LFvp2M6l5Tv6KsKzlNpDdUIk="></latexit><latexit sha1_base64="NX/LFvp2M6l5Tv6KsKzlNpDdUIk="></latexit><latexit sha1_base64="NX/LFvp2M6l5Tv6KsKzlNpDdUIk="></latexit>

K-M integer

Hughes (2001); Conrey, Rubinstein, Snaith (2006); Dehaye (2008); 
Bailey, Bettin, Blower, Conrey, Prokhorov, Rubinstein, Snaith (preprint);
Basor, Bleher, Buckingham, Grava, Its, Its, Keating (preprint)



R T
0 |⇣ 0(a+ it)|vdt

<latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit>

R
U(N) |⇤

0
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(s)|vdAHaar

<latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit>

Motivated by: 

We would like to calculate: 

non-integerv
<latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit>

We can calculate: 
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dAHaar, K integer
<latexit sha1_base64="etfoAODTI8KGWP8h8NL8NwYogUA="></latexit><latexit sha1_base64="etfoAODTI8KGWP8h8NL8NwYogUA="></latexit><latexit sha1_base64="etfoAODTI8KGWP8h8NL8NwYogUA="></latexit><latexit sha1_base64="etfoAODTI8KGWP8h8NL8NwYogUA="></latexit>

Conrey, Snaith: Commun. Number Th. and Physics. Vol. 2, Num.3 (2008)

Bailey, Bettin, Blower, Conrey, Prokhorov, Rubinstein, Snaith: preprint



R T
0 |⇣ 0(a+ it)|vdt

<latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit>

R
U(N) |⇤

0
A
(s)|vdAHaar

<latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit>

Motivated by: 

We would like to calculate: 

non-integerv
<latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit>

We can calculate: 
R
SO(2N) (⇤

00(1))K dAHaar, K integer
<latexit sha1_base64="x5NxLX82WVxHmj3nJLhrWi3WJC4="></latexit><latexit sha1_base64="x5NxLX82WVxHmj3nJLhrWi3WJC4="></latexit><latexit sha1_base64="x5NxLX82WVxHmj3nJLhrWi3WJC4="></latexit><latexit sha1_base64="x5NxLX82WVxHmj3nJLhrWi3WJC4="></latexit>

Altuğ, Bettin, Petrow, Rishikesh, Whitehead (2014)



R T
0 |⇣ 0(a+ it)|vdt

<latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit><latexit sha1_base64="iKWVs/nKP6pdZQrfKSF+Am1lLzQ=">AAACCHicbVC7SgNBFJ31GdfXqqWFg4kYEcJuGi2DNpYR8oK8mJ1MkiGzs8vM3UBMUtr4KzYWitj6CXb+jZNHoYkHLhzOuZd77/EjwTW47re1srq2vrGZ2LK3d3b39p2Dw5IOY0VZkYYiVBWfaCa4ZEXgIFglUowEvmBlv3c78ct9pjQPZQEGEasHpCN5m1MCRmo6J6kal9B0GwU8qj0wIOdpcsnhYtTotyBl200n6WbcKfAy8eYkiebIN52vWiukccAkUEG0rnpuBPUhUcCpYGO7FmsWEdojHVY1VJKA6fpw+sgYnxmlhduhMiUBT9XfE0MSaD0IfNMZEOjqRW8i/udVY2hf14dcRjEwSWeL2rHAEOJJKrjFFaMgBoYQqri5FdMuUYSCyW4Sgrf48jIpZTOem/Hus8nczTyOBDpGpyiNPHSFcugO5VERUfSIntErerOerBfr3fqYta5Y85kj9AfW5w+7hJfY</latexit>
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<latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit><latexit sha1_base64="rQx4t1CgXgmoPN9AFXQ8Qkhta9M=">AAACE3icbVA9T8MwFHTKd/gqMLJYtIjCUCVdYGxhYUAIJFqQ2hK9OG6x6jiR7VSqQv8DC3+FhQGEWFnY+Dc4bQconGTpdPdOz+/8mDOlHefLys3Mzs0vLC7Zyyura+v5jc2GihJJaJ1EPJI3PijKmaB1zTSnN7GkEPqcXvu9k8y/7lOpWCSu9CCm7RC6gnUYAW0kL39QbDGhvbReOt8f3rfOTDIAr7ZXUvv3t30c1Lz0FEAOi7bt5QtO2RkB/yXuhBTQBBde/rMVRCQJqdCEg1JN14l1OwWpGeF0aLcSRWMgPejSpqECQqra6eimId41SoA7kTRPaDxSfyZSCJUahL6ZDEHfqWkvE//zmonuHLVTJuJEU0HGizoJxzrCWUE4YJISzQeGAJHM/BWTO5BAtKkxK8GdPvkvaVTKrlN2LyuF6vGkjkW0jXZQCbnoEFXRKbpAdUTQA3pCL+jVerSerTfrfTyasyaZLfQL1sc3wmmcJw==</latexit>

Motivated by: 

We would like to calculate: 

non-integerv
<latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit><latexit sha1_base64="5r/H95pkVOf54ai6qK3lZcSx510=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrfMwYbdvcvuHgkh/AUbC42x9Q/Z+W+8gysUfMkkL+/NZGZeEAturOt+O4Wt7Z3dveJ+6eDw6PikfHrWNlGiGbZYJCLdDahBwRW2LLcCu7FGKgOBnWByn/mdKWrDI/VkZzH6ko4UDzmjNpOq02ppUK64NXcJskm8nFQgR3NQ/uoPI5ZIVJYJakzPc2Prz6m2nAlclPqJwZiyCR1hL6WKSjT+fHnrglylypCEkU5LWbJUf0/MqTRmJoO0U1I7NuteJv7n9RIb3vpzruLEomKrRWEiiI1I9jgZco3MillKKNM8vZWwMdWU2TSeLARv/eVN0q7XPLfmPdYrjbs8jiJcwCVcgwc30IAHaEILGIzhGV7hzZHOi/PufKxaC04+cw5/4Hz+AM8WjWg=</latexit>

We can calculate: 
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dAHaar, for integer K
<latexit sha1_base64="onMDhXsivELMpLk9FKyzG2Xc/vo=">AAACT3icbZFPb9NAEMXXoUAb/jSFYy+rJohEgsjOhR5buFRqRYsgbaU4tcbrcbLqem3tjpEiy9+QC9z4Gr1woELdBEtAy5x+em92dvZtXChpyfe/e617a/cfPFzfaD96/OTpZmfr2anNSyNwLHKVm/MYLCqpcUySFJ4XBiGLFZ7Fl++W/tlnNFbm+hMtCpxmMNMylQLISVEn7YVSU1R9PO6P3g9qHipMqR+mBkQVHrk5CUT7L+ s/XPfxonodgirmUA9CI2dzGlwc8mQ/qg4ATP2qx9PccDcVZ2h477DH2+2o0/WH/qr4XQga6LKmTqLOtzDJRZmhJqHA2kngFzStwJAUCut2WFosQFzCDCcONWRop9Uqj5q/cEqy2iLNNfGV+veJCjJrF1nsOjOgub3tLcX/eZOS0t1pJXVREmrx+6K0VJxyvgyXJ9KgILVwAMJItysXc3BZkvuCZQjB7SffhdPRMPCHwYdRd+9tE8c622Y7rM8C9obtsQN2wsZMsC/siv1k195X74f3q9W0trwGnrN/qrVxA8nLsT8=</latexit><latexit sha1_base64="onMDhXsivELMpLk9FKyzG2Xc/vo=">AAACT3icbZFPb9NAEMXXoUAb/jSFYy+rJohEgsjOhR5buFRqRYsgbaU4tcbrcbLqem3tjpEiy9+QC9z4Gr1woELdBEtAy5x+em92dvZtXChpyfe/e617a/cfPFzfaD96/OTpZmfr2anNSyNwLHKVm/MYLCqpcUySFJ4XBiGLFZ7Fl++W/tlnNFbm+hMtCpxmMNMylQLISVEn7YVSU1R9PO6P3g9qHipMqR+mBkQVHrk5CUT7L+ s/XPfxonodgirmUA9CI2dzGlwc8mQ/qg4ATP2qx9PccDcVZ2h477DH2+2o0/WH/qr4XQga6LKmTqLOtzDJRZmhJqHA2kngFzStwJAUCut2WFosQFzCDCcONWRop9Uqj5q/cEqy2iLNNfGV+veJCjJrF1nsOjOgub3tLcX/eZOS0t1pJXVREmrx+6K0VJxyvgyXJ9KgILVwAMJItysXc3BZkvuCZQjB7SffhdPRMPCHwYdRd+9tE8c622Y7rM8C9obtsQN2wsZMsC/siv1k195X74f3q9W0trwGnrN/qrVxA8nLsT8=</latexit><latexit sha1_base64="onMDhXsivELMpLk9FKyzG2Xc/vo=">AAACT3icbZFPb9NAEMXXoUAb/jSFYy+rJohEgsjOhR5buFRqRYsgbaU4tcbrcbLqem3tjpEiy9+QC9z4Gr1woELdBEtAy5x+em92dvZtXChpyfe/e617a/cfPFzfaD96/OTpZmfr2anNSyNwLHKVm/MYLCqpcUySFJ4XBiGLFZ7Fl++W/tlnNFbm+hMtCpxmMNMylQLISVEn7YVSU1R9PO6P3g9qHipMqR+mBkQVHrk5CUT7L+ s/XPfxonodgirmUA9CI2dzGlwc8mQ/qg4ATP2qx9PccDcVZ2h477DH2+2o0/WH/qr4XQga6LKmTqLOtzDJRZmhJqHA2kngFzStwJAUCut2WFosQFzCDCcONWRop9Uqj5q/cEqy2iLNNfGV+veJCjJrF1nsOjOgub3tLcX/eZOS0t1pJXVREmrx+6K0VJxyvgyXJ9KgILVwAMJItysXc3BZkvuCZQjB7SffhdPRMPCHwYdRd+9tE8c622Y7rM8C9obtsQN2wsZMsC/siv1k195X74f3q9W0trwGnrN/qrVxA8nLsT8=</latexit><latexit sha1_base64="onMDhXsivELMpLk9FKyzG2Xc/vo=">AAACT3icbZFPb9NAEMXXoUAb/jSFYy+rJohEgsjOhR5buFRqRYsgbaU4tcbrcbLqem3tjpEiy9+QC9z4Gr1woELdBEtAy5x+em92dvZtXChpyfe/e617a/cfPFzfaD96/OTpZmfr2anNSyNwLHKVm/MYLCqpcUySFJ4XBiGLFZ7Fl++W/tlnNFbm+hMtCpxmMNMylQLISVEn7YVSU1R9PO6P3g9qHipMqR+mBkQVHrk5CUT7L+ s/XPfxonodgirmUA9CI2dzGlwc8mQ/qg4ATP2qx9PccDcVZ2h477DH2+2o0/WH/qr4XQga6LKmTqLOtzDJRZmhJqHA2kngFzStwJAUCut2WFosQFzCDCcONWRop9Uqj5q/cEqy2iLNNfGV+veJCjJrF1nsOjOgub3tLcX/eZOS0t1pJXVREmrx+6K0VJxyvgyXJ9KgILVwAMJItysXc3BZkvuCZQjB7SffhdPRMPCHwYdRd+9tE8c622Y7rM8C9obtsQN2wsZMsC/siv1k195X74f3q9W0trwGnrN/qrVxA8nLsT8=</latexit>

Mason and Snaith (2018)
Emilia Alvarez (thesis)
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<latexit sha1_base64="PQuJESJg3g5ZgXgeFJ7A6QnD26o="></latexit><latexit sha1_base64="PQuJESJg3g5ZgXgeFJ7A6QnD26o="></latexit><latexit sha1_base64="PQuJESJg3g5ZgXgeFJ7A6QnD26o="></latexit><latexit sha1_base64="PQuJESJg3g5ZgXgeFJ7A6QnD26o="></latexit>
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<latexit sha1_base64="yNRTrCTIE1iLmKND4FJCw/2x6to="></latexit><latexit sha1_base64="yNRTrCTIE1iLmKND4FJCw/2x6to="></latexit><latexit sha1_base64="yNRTrCTIE1iLmKND4FJCw/2x6to="></latexit><latexit sha1_base64="yNRTrCTIE1iLmKND4FJCw/2x6to="></latexit>



For large N
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<latexit sha1_base64="31xNXIHz9zYekO32pnMbaGdvnr8="></latexit><latexit sha1_base64="31xNXIHz9zYekO32pnMbaGdvnr8="></latexit><latexit sha1_base64="31xNXIHz9zYekO32pnMbaGdvnr8="></latexit><latexit sha1_base64="31xNXIHz9zYekO32pnMbaGdvnr8="></latexit>
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<latexit sha1_base64="+VieePwPyHxc6QjlYwvwtVgBia8="></latexit><latexit sha1_base64="+VieePwPyHxc6QjlYwvwtVgBia8="></latexit><latexit sha1_base64="+VieePwPyHxc6QjlYwvwtVgBia8="></latexit><latexit sha1_base64="+VieePwPyHxc6QjlYwvwtVgBia8="></latexit>
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<latexit sha1_base64="7WVG1lGqG0/DxXmTVE9O++JABQY="></latexit><latexit sha1_base64="7WVG1lGqG0/DxXmTVE9O++JABQY="></latexit><latexit sha1_base64="7WVG1lGqG0/DxXmTVE9O++JABQY="></latexit><latexit sha1_base64="7WVG1lGqG0/DxXmTVE9O++JABQY="></latexit>
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<latexit sha1_base64="5t5APCxKmH9ksR9fjrIN3xtTP6I=">AAACPXicbVA9T8MwEHXKVylfAUaWiILE0irpAgtSBQtjkdqC1FSV416pVceJ7AuiivLHWPgPbGwsDCDEyorbBgkoJ9l69+7d+fyCWHCNrvtkFRYWl5ZXiqultfWNzS17e6eto0QxaLFIROo6oBoEl9BCjgKuYwU0DARcBaPzSf3qFpTmkWziOIZuSG8kH3BG0VA9u3ngI9zhdFAaiASy1A+4jMJUZqnKKt9JxZukme/PyU9/ScyVHfTsslt1p+HMAy8HZZJHo2c/+v2IJSFIZIJq3fHcGLspVciZgKzkJxpiykb0BjoGShqC7qbTLTLn0DB9ZxApcyQ6U/ZnR0pDrcdhYJQhxaH+W5uQ/9U6CQ5OuimXcYIg2eyhQSIcjJyJlU6fK2AoxgZQprjZ1WFDqihDY3jJmOD9/fI8aNeqnlv1Lmvl+lluR5HskX1yRDxyTOrkgjRIizByT57JK3mzHqwX6936mEkLVt6zS36F9fkF2sWx6A==</latexit><latexit sha1_base64="5t5APCxKmH9ksR9fjrIN3xtTP6I=">AAACPXicbVA9T8MwEHXKVylfAUaWiILE0irpAgtSBQtjkdqC1FSV416pVceJ7AuiivLHWPgPbGwsDCDEyorbBgkoJ9l69+7d+fyCWHCNrvtkFRYWl5ZXiqultfWNzS17e6eto0QxaLFIROo6oBoEl9BCjgKuYwU0DARcBaPzSf3qFpTmkWziOIZuSG8kH3BG0VA9u3ngI9zhdFAaiASy1A+4jMJUZqnKKt9JxZukme/PyU9/ScyVHfTsslt1p+HMAy8HZZJHo2c/+v2IJSFIZIJq3fHcGLspVciZgKzkJxpiykb0BjoGShqC7qbTLTLn0DB9ZxApcyQ6U/ZnR0pDrcdhYJQhxaH+W5uQ/9U6CQ5OuimXcYIg2eyhQSIcjJyJlU6fK2AoxgZQprjZ1WFDqihDY3jJmOD9/fI8aNeqnlv1Lmvl+lluR5HskX1yRDxyTOrkgjRIizByT57JK3mzHqwX6936mEkLVt6zS36F9fkF2sWx6A==</latexit><latexit sha1_base64="5t5APCxKmH9ksR9fjrIN3xtTP6I=">AAACPXicbVA9T8MwEHXKVylfAUaWiILE0irpAgtSBQtjkdqC1FSV416pVceJ7AuiivLHWPgPbGwsDCDEyorbBgkoJ9l69+7d+fyCWHCNrvtkFRYWl5ZXiqultfWNzS17e6eto0QxaLFIROo6oBoEl9BCjgKuYwU0DARcBaPzSf3qFpTmkWziOIZuSG8kH3BG0VA9u3ngI9zhdFAaiASy1A+4jMJUZqnKKt9JxZukme/PyU9/ScyVHfTsslt1p+HMAy8HZZJHo2c/+v2IJSFIZIJq3fHcGLspVciZgKzkJxpiykb0BjoGShqC7qbTLTLn0DB9ZxApcyQ6U/ZnR0pDrcdhYJQhxaH+W5uQ/9U6CQ5OuimXcYIg2eyhQSIcjJyJlU6fK2AoxgZQprjZ1WFDqihDY3jJmOD9/fI8aNeqnlv1Lmvl+lluR5HskX1yRDxyTOrkgjRIizByT57JK3mzHqwX6936mEkLVt6zS36F9fkF2sWx6A==</latexit><latexit sha1_base64="5t5APCxKmH9ksR9fjrIN3xtTP6I=">AAACPXicbVA9T8MwEHXKVylfAUaWiILE0irpAgtSBQtjkdqC1FSV416pVceJ7AuiivLHWPgPbGwsDCDEyorbBgkoJ9l69+7d+fyCWHCNrvtkFRYWl5ZXiqultfWNzS17e6eto0QxaLFIROo6oBoEl9BCjgKuYwU0DARcBaPzSf3qFpTmkWziOIZuSG8kH3BG0VA9u3ngI9zhdFAaiASy1A+4jMJUZqnKKt9JxZukme/PyU9/ScyVHfTsslt1p+HMAy8HZZJHo2c/+v2IJSFIZIJq3fHcGLspVciZgKzkJxpiykb0BjoGShqC7qbTLTLn0DB9ZxApcyQ6U/ZnR0pDrcdhYJQhxaH+W5uQ/9U6CQ5OuimXcYIg2eyhQSIcjJyJlU6fK2AoxgZQprjZ1WFDqihDY3jJmOD9/fI8aNeqnlv1Lmvl+lluR5HskX1yRDxyTOrkgjRIizByT57JK3mzHqwX6936mEkLVt6zS36F9fkF2sWx6A==</latexit>
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